The fibre of the Bott-Samelson resolution 

Stephane Gaussent* 
1st February 2008 

Abstract 

Let G denote an adjoint semi-simple group over an algebraically closed field and 
T a maximal torus of G. Following Contou-Carrere [CC], we consider the Bott- 
Samelson resolution of a Schubert variety as a variety of galleries in the building 
associated to the group G. We first determine a cellular decomposition of this 
variety analogous to the Bruhat decomposition of a Schubert variety and then we 
describe the fibre of this resolution above a T— fixed point. 



1 Introduction 

The purpose of this paper is to describe, using a point of view due to Contou-Carrere 
[CC], the fibre of the Bott-Samelson resolution of a Schubert variety. The understanding 
of this fibre is one of the two steps towards a valuative criterion for the smoothness of a 
Schubert variety [G]. 

Let /c be a algebraically closed field. A variety (over k) will be a reduced separated 
/c— scheme of finite type and a point of a variety will always mean a closed point. 

In this paper, we will denote by Par{G) the variety of all the parabolic subgroups of 
a connected adjoint semi-simple group G over k. Let T be a maximal torus of G and let 
W = Ng(T)/T be the Weyl group of (G, T). Let us fix a Borel subgroup B of G such that 
T <Z B <Z G . Also, let P D -B be a parabolic subgroup of type t'^ C S", where S* is a set of 
reflections that span W. We denote by Part'^{G) ~ G/P the variety of all the parabolic 
subgroups of G of type tg. 

It is known that any Schubert variety of Part'^{G) ~ G/P is the closure of a cell 
E(w)(= BwP/P) given by an element w G W/Wt'^ or by the element w of minimal length 
in the class w. The main result of the present work (Theorem 1, section 4) can be stated 
as follows. 



*Laboratoire G. T. A., Universite Montpellier 2, Case 051, PI. E. Bataillon, 34095 Montpellier Cedex 
05, courriel : gaussent@math.univ-montp2.fr 







Theorem. Let tt : S(t) — > ^(ty) be the Bott-Samelson resolution of associated 
to a reduced decomposition r o/w. Let x = uPiir^ be the T— fixed point oJll{w) given by 
u <w. Then the fibre ^^^{x) admits a finite cellular decomposition, where each cell is an 
affine subvariety of an open subset ofT^ij) defined by linear equations. 

Here is an outline of the paper, in §2, we state some definitions and we recall some 
combinatorial facts. In particular, we give two relations of the presentation by generators 
and relations of the group G and we also recall the combinatorial tools associated to such 
a group which are the building and the galleries. 

In §3, we define the Bott-Samelson variety in two different ways ; the first one is due 
to Demazure [De] and Hansen [H] and the second one is derived from the work of Contou- 
Carrere [CC] and uses the galleries. We then state a cellular decomposition of this variety 
analogous to the Bruhat decomposition. 

In §4, we consider the fibre of the Bott-Samelson resolution and we describe explicitly 
the intersection of the cellular decomposition with the fibre. The results, that we obtain 
there, are in agreement with some of Deodhar [Deo] and they give them a geometrical 
meaning. 

2 Preliminaries 

2.1 Presentation of the Group 

Let G be a connected semi-simple algebraic group of adjoint type over k. Let T be 
a maximal torus of G, let i? be a Borel subgroup of G such that T C -B C G, let 
W — Nq{T)/T be the Weyl group and R the root system of (G, T), let Rq be set of simple 
roots corresponding to B. Also, in the decomposition of the Lie algebra Q — Lie{G) — 

T ® ©agfl : for each a e i?, we choose a generator of the one dimensional 

subvector space of ^. 

For each root a G -R, this choice allows to define a morphism Pa '■ ^^(A;) — * G by 
setting Pa(A) = exp{ad{\Xa)) ■ For each root ex E R. we will denote U{a) the image of 
this morphism, it is a rank one unipotent subgroup of G. The group G is then a subgroup 
of the free product of the torus T and the groups U{a), for a & R, subject to some 
relations between the "Pa{ )" (see e.g. [T87, 3.8], [Ch]). We will use only two relations 
satisfied by these generators, that we recall here. 

For all a, P E R and for all a,b E k, 

p,q&N*, pa+ql3eR 

where Gpqap is an integer uniquely determinated by its indices and by the order in which 
the product is taken. 
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For all a E Rq, for all (3 E R and for all A e A; 



SaP/3(A)s, 



-1 



P.„(/3)(na/3A), 



(2) 



a 



where Ua/s — ±1 and the sign is fixed by the choice of the set {-'^a}, 



aeR' 



2.2 The Building 



We denote by A(G) the set of all the parabolic subgroups of G ordered by the opposite 
relation of the inclusion between parabolic subgroups. This operation endows this set with 
the structure of a simplicial complex. The variety Par{G) and the complex A(G) have 
the same underlying set, but different structures. 

Elements of A(G) are called faces ; to each parabolic subgroup P of G is associated a 
face, denoted by Fp. A chamber of A(G) is a maximal face. The chambers are associated 
to the Borel subgroups of G. We will denote by G the chamber associated to B. 

As we have fixed a maximal torus T G G, we can define a subcomplex A associated 
to T, called an apartment, as follows : 



if P e A then there exists a parabolic subgroup Q containing B and n E N — NormaiT) 
such that P = nQnr^. 

The building can be expressed as A(G) = G x A/ ~, where ~ is the equivalence 
relation : 



For each maximal torus in G there is an apartment corresponding to it and in order to 
recover A(G) we glue all these subcomplexes with respect to the equivalence relation ~. 
This description of A(G) as a "union" of apartments provides a better way to deal with the 
building. In particular, the action of G on A(G') is strongly transitive, i.e. is transitive on 
the set of all the pairs (A', C") consisting of an apartment and a chamber of this apartment 



Hence, the group W acts on the set of all the chambers of A in a simply transitively 
way, and we can define a distance between two chambers of A : 



where wcc' is the element of W which maps G to G' and l{w), for w e H^, is the length 
of any reduced decomposition of w. 



A^{P e Par{G), T C P}, 




[B, V, 3]. 



d{G,G') = l{wca): 



2 



To each face Fp contained in the chamber Fb, we associate its type, that is, the type 
of the parabolic subgroup associated to it. A face Fp such that typ{Fp) = typ{P) = {sa} 
with a E Rq will be called a facet. The set of types, denoted by typ(A(G)), is still a 
complex and typ : A(G) — > typ(^A{G)) is a morphism of complexes. 

Now, given an apartment A' and a chamber C" of A', it is possible to construct a 
morphism of complexes pA',C' '■ ^(C) ^' called the retraction onto A' of centre C [T74, 
3.3]. This morphism has the following properties : for each face F' of C", pj}(^,{F') = F' 
and Pa',C' is the unique morphism of complexes A(G') A' which maps the chambers 
onto the chambers and such that for each apartment A" containing C, it reduces to an 
isomorphism A" ~ A'. 

As an example of retraction, we have the one related to the Borel subgroup B : let 
P = Pa,Fb '■ ^{G) ^ A be the morphism of complexes defined by p{Fp) = Fjnt{u)(Q), with 
P — Int{hu){Q), where Q D B (b E B and u E W are uniquely determinated by the 
Bruhat decomposition of G relative to B), and with typ{P) = typ{Q). 

A folding of A is an idempotent and type-preserving morphism of complexes : A ^ A 
such that each chamber C belonging to (t){A) is the image of exactly two chambers of which 
itself [T, 1,8, p. 7]. The image of a folding 0(A) is called a root of A. 

If q; is a root of A, we define M^, the wall associated to a, as the subcomplex of A 
composed of the faces F such that there are two adjacent chambers C and C (i.e. CnC 
is a codimension 1 face of C and of C) with C E a,C' ^ a and F G C (1 C . 

If we look at a graphical representation of A as the root system of {G. T) (for instance 
see [BOU, Planche X]), the roots correspond to the roots of (G, T) and the walls correspond 
to the hyperplanes related to the reflections. To each wall Mg in A, we can associate two 
foldings (f)f3 and (t)-p, corresponding to the roots (5 and —(5. 

Moreover, we say that a folding is towards a chamber C if C belongs to the image 
of (j). For example, the foldings towards Fb are indexed by the positive roots. 

2.3 Galleries 

Definition 1. A gallery g is a finite sequence of faces of A{G) verifying the following 
relations : 

g^{FrD F; C F,_i D • • • D F[ C Fo D F^), 

and such that 

i) for r > i > 0, Fi is a chamber ; 

a) for r > j > 1, Fj is a facet (i.e. a face of codimension one in Fj and Fj^i) and Fq 
is a face of any type. 

This definition of galleries is almost the one considered by Tits [T74], except that we 
allow their target face (i.e. Fq) to be of any type (instead of being a chamber). By abuse 
of language, we will call them galleries. 
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We define the type of g to be the gallery of types r : 

T = typ{g) - {tr C 4 D tr-i C • • • C i'l D to C 

where each (resp. t'^) is the type of the corresponding face. 

Actually, g corresponds to a configuration of parabolic subgroups verifying the follow- 
ing inclusions : 

g^iQrCPrD Qr-i C • • • C Pi D Qo C Pq) , 
where the Q/s are of type tj and the Pi's, of type t'^. 

Definition 2. If Fr and Fq are two faces of A (resp. of A{G)), we denote by 

r(A,T,F„F^) {resp. r(A(G), r, F„ F^)) 

the finite set (resp. the set) of all galleries contained in A (resp. in A(G') ), of type t, of 
source Fj. and 0/ target Pq. 

Now, we present the notion of minimality for galleries. For two faces F and F' of A 
such that F' C P, we denote by Mf'{F) the set of walls M such that F' e M,F ^ M. 

Definition 3 ([CC, Part I, §5]). A gallery ^ ^ {Fr D P/ C P^_i D • • • D P^' C Pq D 

Pq) G r(A, t, Pr, Pq), between the chamber Fr — C and the face Pq of A is said to be 
minimal if : 

i) for r > i > 1 the sets A^i,^'(P,:_i) are disjoint ; 

a) A^(C, Pq) = Ur>i>iAiFl{Fi-i) , where A^(C, Pq) denote the set of walls which sep- 
arate C from Pq. 

Now, if we fix T = {tr (Z t'^. D tr-i a ■ ■ ■ G t'l D to C t'o) the type of a minimal gallery, 

then ti — typ{B) = for r > i > and t'^ = | where G it!o is a simple root and ^q 

is any type. The word Saf.^ • ■ • Sa^.^ built with these reflections, is a reduced decomposition 
of an element of W. 

More precisely, we have the following 

Proposition 1. i) We keep the notations and r is fixed as above. If Fp and Pq are two 
chambers of A such that d{Fr, Pq) = r > and Pg is the face of type contained in Pq, 
then T{A,T, Fr, Fq) = {jw} is reduced to a single element. 

a) For any type tp (tp is the type of a parabolic subgroup P D B), the construc- 
tion above states a bijection between minimal gallery types and reduced decompositions of 
minimal length coset representatives of the classes in W/Wtp. 
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3 The Bott-Samelson Variety 

Let P D B a parabolic subgroup of type tg. Let us fix a reduced decomposition 
w — Saj,^ ■■■Sa^^ of the element of minimal length of the class w e W/Wt'^. To this 

decomposition corresponds the gallery of types r = (0 C {sa^,^ } D ■ ■ ■ |sq,^^ | D C tg) . 
In the following, we will denote a reflection Sa^, more simply as Sky 

3.1 Two Definitions of the Bott-Samelson Variety 

On one hand, we have the following presentation of the Bott-Samelson variety due to 
Demazure [De] and Hansen [H]. 

Definition 4 ([De],[H]). For r > j > 1, let us denote by Pk. — U{ak.)sk.B U B the 
unique parabolic subgroup of type t'j — {sfe^j containing B. The Bott-Samelson variety 

S(r) = Pk. Xb Pk_, Xb-'-Xb PkjB, 

is the quotient of the group Pk. x ■ ■ ■ x Pk^ by the action of the subgroup B^ defined by 
b.p^ {Prbr,b~^Pr-ibr-i, ...,b2^Pibi), whcrc p^ {pr,...,pi) andb^ 

We will denote by [gr, ■■■,gi\ the points of S(t). This variety is smooth of dimension 
r since it can be viewed as a sequence of r fibrations each of fibre isomorphic to P^. 
Furthermore, S(t) is a resolution of the Schubert variety E(w;). Indeed, the morphism 
TT : S(t) — > T^ilgr, ■■■,gi]) = Qr - ■ ■ 9i (the class in G/P), is proper and birational 

[De]. 

On the other hand, let us denote by r(A(G'), r, C, — ) the set of all galleries in A(G) of 
type T and of source C. From the work of Contou-Carrere [CC, I, §6], this set is endowed 
with a structure of algebraic variety as a subvariety of a product of varieties of parabolic 
subgroups. And we recall the following proposition. 

Proposition 2 ([CC, I, §6]). The variety r(A(G), r, C, — ) is isomorphic to the Bott- 
Samelson variety. This isomorphism is given by 

S(r) ^ r(A(G),r,C,-) 

with Er = C , Ei = Int{pr ■ ■ •pj+i)(C); for r — 1 > i > and E'^ = Int{pr ■ ■ ■pj+i){Ft'^) 
for r > j > 0, where F^/. is the unique facet of type t'j inside the "fondamental" chamber 
C. 

In this context, the morphism tt : S(t) — > S(w) is simply given by associating to a 
gallery g ^ {Er D E'^ G Er-i ■ ■ ■ E[ G Eq D E'^) its target n{g) = b{g) = E'^. 
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This last presentation of the Bott-Samelson resolution will give us some properties of 
this variety that we could not have described so easily with the first definition. Moreover, 
we will use freely the two systems of notations for the points of 5](r). 

3.2 Open Covering of the Bott-Samelson Variety 

We call combinatorial galleries the galleries that belong to the finite set S'^(t) = 
r(A, T, C, — ), that is, the galleries in A of type r and of source C. From the definition of 
the type r, we have the following description 

6 = [Sr, 6i] e r(A, r, C, -) ^ 6j = Sk^ or 5j = 1. 
Let 7 e 5]'^(t) be a combinatorial gallery. We can define the morphism : 

U{e{ak^)) x---xU{e{ak,)) ^ E(r) 

(Xr,...,Xi) ^ \p^^ak,){Xr)£{Skr),-,P6{ak,){Xl)£{Ski)], 

whereforr>j>l,eK) = { ^^^^^ ![ ^^^Jl^ and = | J^^^ ![ ^^^Z^'^^- 

The image of this morphism is an affine open subset of S(t) that will be denoted by 
U"^ and {U'^}j^±c(^T-^ is a system of affine charts of the Bott-Samelson variety [T82]. Hence, 
we have : 

E(r)= U 
7esc(T) 

and for 7 G £'^(t), we set W — Spec(k[xr, 

If 7, 7' e 5]"^(t) are two combinatorial galleries, the change of coordinates between 
the two charts If^ and [/'•' consists in inversing the variables for which the values of the 
^(Qiit^j's are different. 

3.3 Cellular Decomposition of the Bott-Samelson Variety 

The variety Tj{t) admits a cellular decomposition analogous to the Bruhat decomposi- 
tion. This idea goes back to [CC], but we have not found anywhere any explicit description 
of the cells. 

First of all, from the definition in term of galleries, the variety 5](t) can be written 

as : 

S(r)= H C\ 
7es=(T) 
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where, for a combinatorial gallery — p ■'^(7) represents all the galleries that retract 
onto 7. We will see that is an affine subvariety of W ~ U{e{akS) x • ■ ■ x U{e{akS)- 
Let us fix 7 = [7,, 71] = (C = D F; C Fr-i D ■ ■ ■ D F{ C Fq D F^^) E E"(r). We 
will denote by A4{'j) = {Mp^, Mp^, {Mx(^i,)}s^et'g} the set of all the walls encountered 
by 7, where (3j = 7r • • -7^(0;^ ) and a; = 7^ • • - 71. The first r walls are those that contain 
the facets Fj and {M!;(iy)}s^Gtj| is the set of all the walls that contain Fq of which the 
number depends of the type ^q. 

Definition 5. With the previous notations, Mp^ is a load-bearing wall 0/7 if this wall 
separates the chamber Fj_i from the chamber C (i.e. Fj_i and C are not in the same 
root relatively to Mp.). We will denote by J{'y) C {r, 1} the set of the indices of the 
load-bearing walls. 

There are two ways for a wall to be a load-bearing wall of 7 : it could be crossed by 
the gallery or the gallery could have a bend at a facet F' of this wall, that is, around F' 
the gallery is shaped as (■ ■ ■ C" D F' C C" ■ ■ ■ ). The number of bends of a combinatorial 
gallery 7 is exactly the number of 1 that figure in the expression 7 = [7^, ...,71]. 

Proposition 3. Let us set 7 = [7^, ...,71] = (C = F^ D F^ C Fr-i D • • • D F{ C Fq D 
Fq) e £'^(t). The cell can be written as : 

= {{xr, ...X,) e U\ X, = if J ^ J(7)} . 

Proof Let g = [g^, ^1] = {C = D E'^ C F,_i ■ ■ ■ F,- D Fj C Ej_, ■ ■ ■ Fj C Fq D F^) 
be a gallery in A(G). We are going to make explicit the condition that g belongs to C^. 
Let us fix an index j G {r, 1}, we remark that =U {ak )sk B[JB = U {ak )sk BU.B. 
Also, since g and 7 have the same source, we may assume that we have already retracted 
g onto 7 until the facet Ep that is = 7^ for r > i > j -|- 1. 

Let us set = (7^ ■ ■ ■ 7^+1)7^ (7,. ■ ■ ■ 7i+i)"^ and 9j = (7^ • • • -fj+i)gj{-fr ■ • • 7j+i)~^- We 
then have Fj_i — tjFjtJ^ and Ej_i = OjFjOj^ . 

If j ^ 7(7) then Mp. does not separate F,_i and C. Two cases arise : 

1) Mfj^ is a wall of a bend, then 7^ = 1, Fj_i = Fj and p{Ej_i) = p^.i-j (-E,-!), the 
retraction onto A of centre Fj. But p^^p.^Ej^i) = Fj^i = Fj if and only if = 1, hence, if 
and only if (7j = jj = 1. So, pt.^^p^{Ej^i) = Fj_i = Fjifand onlyifx^ =0in5'j = (x,). 

2) Mp^ is a wall crossed by 7, then jj = s^j and p{Ej_i) = Pa,Fj_i(-E'j-i)- But 
PA,Fj-i{Ej-i) = Fj_i is equivalent to Fj_i = Fj_i, hence is equivalent to gj — 7^ = s^^.. 
So, PA,Fj_i{Ej-i) = Fj_i is equivalent to Xj = in gj = Pakj{xj)skj- 

If j G 7(7) then Mg. separates F,_i and C. Again, two cases arise : 
1) Mp. is the wall of a bend {Fj D Fj C Fj_i = Fj). Let aj = (7^ • • • 'jj^i)sk^ (7r • • • 7i+i) 
be the reflexion associated to Mp^. Let us set Cj — ajFjaj, this yields p(Fj_i) = 
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PA,Cj{Ej-i). But pA,CjiEj-i) — Fj-i if and only if 9j ^ aj, hence if and only if gj e 
Pkj \ {skj}- So, pA,Cj{Ej-i) = Fj^i if and only if gj = p-^^ix^) with Xj e Ga{k). 

2) Mf3^ is a wall crossed by 7. The chamber -Ej-i is retracted onto if and only if 
gj e \ B = U{akj)skjB. Hence, p{Ej_i) = Fj_i if and only if gj = Pau.{xj)skj with 

So, we have seen that — {(x^, ...xi) e [/''', Xj = if j ^ <^(7)}- 

■ 

Remarks 1. The cell is invariant under the action of B, but, in general, the orbit 
of 'y under the action of B is strictly contained in . 

2) The dimension of will be denoted by j('-f) — ^J('-f), this is the number of load- 
bearing walls of^. 

3) The number of cells of dimension p < r inside S(t) is equal to (p. 

Furthermore, let us introduce an order on the set S'^(t) of all the combinatorial galleries 
of S(r). Let 7 = [7^, 71] and 5 — [5^., Si] be two combinatorial galleries. We set 5 < 7 
if J{5) C 7(7) as subsets of {r, 1}, that is if M^/ is a load-bearing wall of 5 implies that 
Mg^. is also a load-bearing wall of 7 (where — 5r- • ■ Sj{akj) and — ^r- ■ ■ Iji^^kj))- 

Proposition 4. Let ^ be a combinatorial gallery. The closure of the cell C"' in S(r) is 

Proof. It follows from the fact that for all j G {r, 1}, U{ak )sk B/B — U{—ak )B/B — 
PkjB. 



4 The fibre of the Bott-Samelson resolution 

Let X = u{P) be a T— fixed point of the Schubert variety ^ G/P associated 

to w e W/Wf'^. Let us denote by the face of A given by x. In this section, we will 
describe the fibre of tt over F^ (i.e. over x). First of all, as a consequence of the main 
theorem of Zariski, Tr''^{Fx) is connected, since the Schubert variety ^(w) is normal and 
the morphism tt is birational. 

Lemma 1. Let S^(r) = T(A,t,C, F^) be the set of all the combinatorial galleries over 
F^. Hence, 
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Proof. The face belongs to the apartment A and the retraction reduces to the identity 
on A. So, all the galleries that have F^ as target will be retracted onto an element of 5]^(r) 
by p. 

■ 

Let us fix 7 = [7,, ...,7i] = (C = D F; C D • • • D F^' C Fq D F^) G ±%t) 

and set Q = C^' n 7r^^(Fx). Let J^(7) C J{j) denote the set of indices of load-bearing 
walls that appear at least two times (as walls) in the set of all the walls encountered by 
7. These walls will be said to be of multiplicity at least two. 

Proposition 5. The intersection of the cellC^ with the fibre 7r~^(Fx), C^, is a subvariety 
of the following affine subvariety of : 

C2-^{iXr,...,X,)eU\ Xj^O ifj^J'ij)}. 

Proof Let g = [g^, gi] = (C = F, D F; C F,_i ■ ■ ■ F, D Fj C F,_i ■ ■ ■ F^ C Fq D F^) 
be a gallery in A(G) that retracts onto 7. We are going to prove that if Mg^. appears only 
once in A4(7) then n{g) = F^ implies gj — 7^. As g and 7 has the same source, we can 
suppose that g is already retracted onto 7 until the facet Fj. That is the gallery g can be 
written as g ^ [7^, 7^+1, gj, gi] = (C D F/ C F^_i • • • F,- D Fj C Ej_i • • • F( C Fq D 

E'o)- 

Let i e 7(7) be the index of the last load-bearing wall of 7 (j > i). Let us now assume 
that the load-bearing wall M^. appears only once in Hence, it is not a wall which 

contains Fj, and if we want to know whether Tr{g) — F^ or not, we have to answer the 
question : 

Eo = ilv- Ij+iQj ■ ■ ■ Qili-i ■ ■ ■ 7i)Fp{7r ■ ■ ■ Ij+iQj ■ ■ ■ 9ili-i ■ ■ ■ 7i)"^ = ^x? 
Or, equivalently, 

9j---9i = lj---li'^ 

Let us denote by .... iq} C J{j) the indices of the load-bearing walls such 

that ij = j and io = i. Thanks to proposition 5, this set indexes the variables that define 
g through some "pa{ )" or some "p-a( )" depending on whether or not the load-bearing 
walls are crossed by 7. Using commutation rules between these "pai )" or "p_q( )" and 
the reflections on their left, we can reduce the previous questions to the following : 

Piafc . {±Xj)p5,._^ ■ ■ -ps,^ {±Xi)p5,^ {±Xo) = 1 ? (3) 

Where for / G ...,io}, = 7^- ■ ■ ■7jj(±a,fc-^) and for a load-bearing wall M^-^, 

= i^i, . The xi's being the variables associated to the load-bearing walls, are elements 
of Ga{k). The ±'s before the roots come from the fact that a load-bearing wall could be 
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crossed or not by 7. And finally, the ±'s before the variables are related to the commutation 
rules between the ^^p±a{ )"'s and the reflections; they can be completely determinated by 
the presentation of the group. 

In any case, the afc^^'s are simple roots different from ak^, hence the roots 6^ are also 

different from a^^. since they are of the shape ±0;*:^^ + ct/ViQ'fcfj+i + • • • + ctfcj where the 
a^'s are integers. 

Moreover, using the commutation rules (i.e. the relations (1) and (2) of section 2) that 
come from the presentation of the group, between the ps,^ 's that compose the product 
above, it is not possible to find the root as an index of one of the new "pa{ )" we shall 
obtain. 

So, if Xj 7^ 0, that is if gj 7^ 7^, the answer to the question (3) is no, which implies 
that 7r{g) — Eq ^ F^;. Hence, if the load-bearing wall Mp^ appears only once in the walls 
encountered by 7, we have that 7r{g) — implies gj — 7^. And the proposition is proved. 

■ 

In order to describe completely CJ, for any combinatorial gallery 7 above F^, and 
consequently, the fibre 7r~^(Fa.), we need a closer study of the indices of the load-bearing 
walls. This will be based on the fact that a load-bearing wall of 7 is also the wall of a 
bend if it has been crossed before by 7. 

Let / = {r, 1} U { — 1, .... —0} be the indices of the walls encountered by 7, J^ij) = 
{Mg^., .... M(3j, {Mx{u)}s„et} ■ The walls that eventually contain F^ are indexed in an arbi- 
trary order by the negative integers {—!,..., —9}, with 9 = jj^t'^. 

Let Ijn-i h the subsets of / defined in the following way : for all I e {m, 1}, if we 
denote Ii = 

Ii n J2(7) ^ and Mpi ^ Mfs,^ = • • • = M^, , 

and for A; 7^ / G {m, 1}, Mgk ^ M^i. 

The sets Im, ■■.,h are the sets that label the distincts load-bearing walls of multiplicity 
at least two. Hence, ^^(7) admits the decomposition : 

j2(7) = /™n J2(7)n---n/inj2(7). (4) 

Each load-bearing wall M of multiplicity at least two is first crossed by 7, then, the 
gallery has one or many bends on this wall. Later on, M could be crossed by 7 in the 
direction of C, and thereafter, crossed again as a load-bearing wall... This kind of behaviour 
has the following translation in terms of the indices. 

For all I e {m, ...1}, the set Ii n 7^(7) can be written as Ii n ,7^(7) = J^^ H • • • U J{, 

where for h G {qi, .... 1}, is defined as follows, = {jh^e^^ ■■■^jh,i} ih^eu '^^ index 
for which Mgi is crossed (necessarily as a load-bearing wall) by 7 whereas the following 
indices labell faces belonging to Mg; on which the gallery has a bend. 
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Proposition 6. Let 7 = [7r,...,7i] G S^(t) be a combinatorial gallery above F^. The 
variety is contained in the following affine subvariety oflf^, 

2. . _ / . . Xj = ifj ^ J\-i) and VZ e {m, 1} , 1 

J,(7j - \{Xr, e , ^^^^^^ _ r7|,^_ix^. ... - ni^^x^.^ = if = 4(> 0) / ' 

where the n\^^^_]^, n{ i are integers of value ±1 that are determinated by the presentation 

of the group G. 

Proof. Let us fix a load-bearing wall Mpi of 7, that is an index / G {m, ...,1}. Let 
= [gf^, e C''' be a gallery such that for all i ^ /; fl ^^(7), fifi = 7i. We are going to 

write down the conditions on the variables indexed by the indices of Ii fl J^(7) for which 
the gallery has as target (this is given by the class of the word Qr ■ ■ ■ Qi in G/P). 

Let h e {5/, 1} be an index of the decomposition J/ H ^^(7) = J^^ n • • • n J{. 
Focusing on the part of the word Qr-'-gi bounded by the set = (jl^e^' ■■■'^1,1}' 
obtain Qr-'-gi — 

The dots between j'^ and i are only filled with some 7i. So, using the commutation 
rules, we can slide all the P-a .i that occur here to the left until they meet Pa .i ■ Doing 

this for all the h e {qi, 1}, the gi's that compose the word Qr • ■ ■ Qi satisfy the equality : 

9i = 



Pa. I {xji - nl,^_,xji nl.xji ^)skji if it exists h e {qi, 1} , i = 

h,e^ 'ft 'ft ' ' ft 

7j otherwise. 



where the integers j- are equal to ±1 depending on the reflections that commute with 
the p_a , 's during their trip to Pa 

■'ft,/ ^h.Gh 

Let us fix again an index /i G {g/, .... 1} and let us suppose first that h 1, then there 
exists ih G Ii such that jl^^ > ih > g^_^ and Af^.^ = Mg! is crossed towards C by the 
gallery 7. Hence, 7^^ = s^i^ and for all A e Ga{k), 

Pa, (A)sfe 7,1 -i---7ift+iSfe,JC) = Sfe, 7,1 -i-'Tift+iSfe^JC') 

Jft.e^j ■'ft.e^ ' ft ■'ft,e;j ' ft 

(for 1/ G G, y{G) is the chamber Fy(^B) = FyBy-^ ) , and the chamber Sk .( 77I -1 • • • 7ift+i"Sfci, 

^ft.e;, "'''ft " 

is on the same side of Afg; than C. 

Now, if h = 1, then the word Qr-'-Qi is ending by 

■■■Pa, (A')sfe, 7ii^-i---7i, 
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where A' = xa — n\ „, iX.i ... — n\ -^xa . Thus, if we want that 

there are only two solutions : 

1) either the wall Mpi separates C from and we must have 

X ~l Tl-i p 'iX-l * * * Tl-t ^ X ~l — , 

2) either the wall Mpi does not separate C from and then for all A' e 

But to say that Mpi separates C from F^ is equivalent to say, in terms of the indices, 
that j[ I — i{{> 0). That proves the proposition. 

■ 

All we have said until now is also valid in the Kac-Moody setting [G]. However, the 
following result uses the hypothesis that the group G is semi-simple through the fact that 
the Weyl group is finite, that is, the apartment A has only a finite number of walls, or 
equivalently, the root system is finite. 

Theorem 1. Let 7 = [7^, ...,71] £ ^xi'^) ^ combinatorial gallery above F^. The cell 
C2 = C'' r\ 7r~^{Fx) is exactly equal to the affine subvariety 5^(7) of W defined in the 
previous definition. 

Proof. Let g = [gr, be a point of the variety ZUl), in particular, it is a gallery of 

r(A(G), r, C, — ) and we shall show that fixing F^ as the target of g does not add any new 
relation, other than those that are contained in the definition of 5^(7)- 

We proceed as in the previous proof : for all I e {m, 1} and for all h e {qi, 1}, 
we commute with the previous elements of the word gr---gi, all the p_a ^ ( )'s in order 

to glue them with their respectives i ( ) (let us recall that = {ifi,e/i' ■■■■>^h,i} ^ 

set of indices of the decomposition Ii fl 7^(7)). During this process, we can always avoid 
having to commute a p_a , ( ) with a , ( ). Actually, it suffices to describe for all 

I e {m, 1} and for all h e {g;, 1} the trip of p_a ; ( ) towards Pzfa.i ( ) (~ if 

e/i — 1 > / and + if / = e/i — 1). For the sake of simplicity, let us suppose that f = Ch — l 
and let us set / = jj^j. So, we are interested in the following part of the word gr---g\ '■ 

■ ■ ■ Pa I ( , 9jl 1 • • • Qjl^ +lP-ocf ( • • • ■ (5) 
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Let i be an index such that j^^^ — 1>?>/ + 1 and Qi — Po^i )ski- Let us commute 
P-af( ) until the index i, we have : 

Denoting —[3 = Sfc^7j_i • • •7/+i(— a/) this negative root, we have to study the commuta- 
tion between PaX )P-i3{ )• This amounts to the following discussion. 

U ai — P is not a root then Pq,.( )p-/3( ) = P-p{ )Pai{ ) and the trip of P-/3{ ) goes on. 

If ccj — /3 is a root, then, from the presentation of the group G we have, for all a,b & k, 

Pai{o)p-p{h) = p-i3{h)pai{a) W Ppai-qfs{CpqaPb'^), (6) 

where Cpq G Z. This product is finite since the group is of semi-simple type which implies 
that there is only a finite number of roots. 

But the index i belongs to J'^i'j), hence there exists I' e {m, 1} such that i e 

7,nJ^(7) = 4;n..-njf. 

Let us first suppose that i G Jj^, with h' ^ 1, then the gallery 7 crosses the wall Afg. 
in the direction of C through a facet F'^, with / > i' . Furthermore, the chambers Fa _^ 

and Fj are on the same side of the wall Mg. and they are separated by a finite number 
of load-bearing walls of multiplicity at least two. These walls are labelled by the roots 
that index the product (6). Hence, for each root pai — g/3 G -R_, there exists an index 
Upq G '/^(7) such that j[ > ripq^ where Upq is the first element of one of the sets (except 

the last) that compose //^^ n ^^(7) = J^fJ^ n • • • n f^'' and, moreover, 

7np, • • • li+i{pai - qP) = anp,- 

Therefore, we can glue each Ppa^-qf3{ ) with its corresponding Panp^ ( )? by applying the dis- 
cussion until this step and, thanks to the hypothesis (in particular h' ^ 1), this operation 
will not add any new relations, other than those that define Zfil)- 

Let us now suppose that i G Jf, that is i — jf er 

If i'( 7^ i.e. if Mg. = Mpf does not separate C from F^, then the previous arguments 
and conclusion remain valid since the walls, labelled by the roots that index the product 
(6), will still be load-bearing walls of multiplicity at least two. 

If i[ = j{ I (> 0), we have to distinguish again two cases : 

1) if < jj^^ in {r, ...,!}, then, for the same reason, we can apply the previous 
arguments and the conclusion is still valid ; 

2) if j{ I > JhiJ then, all the indices of J| are between i and /, hence, all the p_„ ^, ( )'s 

' ' -'1,1 
can commute to Pai( ) and in this situation the relation X — JT-i e, -i^^,;' — n[iX-i' ~ 

will kill the obstacle, whence P-p{h) goes on. 



13 



The theorem is then proved by repeating as long as necessary the previous discussion. 

■ 

The proposition 4 of section 3 admits the following corollary. 

Proposition 7. The irreducible components of the fibre 7r~^{Fx) are given by the maximal 
combinatorial galleries o/E^(t) relatively to the order defined in section 3. Hence, they 
can be written as 

For all I e {m, 1}, let us set c] = | f^i^ ^'^^|) " ' ^^.^-^ ^ ''^"^ Then 

' \ #(/;nJ2(7)) otherwise. 

dirrikiCl) — ■ ■ ■ cl. And so, the dimension of the fibre is 

dimk'K~^{Fx) = Sup ^dinikCl, 7 e E^(r)| . 

Remarks 2. 1) The relations that define the cellC]. are linear ones. 

2) Our description of the fibre is in agreement with, and gives a geometrical sense to, 
some results of V. Deodhar [Deo, Proposition 3.9]. In particular, he calculates the dimen- 
sion of the fihre using its Poincare polynomial which is P[n^^{Fx)) = J2'y£±<=(T) (f^^^ where 
d{^) is a non-negative integer defined from 7. Actually, for each combinatorial gallery 7 
above F^, this integer 0^(7) is equal to cj^ -\- ■ ■ ■ -\- cj . And this is in agreement with the fact 
that, thanks to theorem 1 and proposition 1, we have P{7r~^{Fx)) — ^^^±o(^t-) g*"^^. 

To close this paper, we describe the restriction of the morphism tt : E(t) — > E(w) to 
a cell C', where 7 is any combinatorial gallery. Let x be the target of 7, x is the centre of 
a Bruhat cell E(m) C 

Proposition 8. The restriction ofn, 7r|C7 : — > is locally trivial fibration of fibre 

C2, I.e. O^CZxHiu). 

Proof. Let us recall that C' = ^"^(7) and that CI is defined from the load-bearing walls 
of multiplicity at least two. Moreover, — p~^{Fx), where F^ is the face associated to 

X. 

Let u be the element of minimal length in the class u and let u — s^.^ ■ • ■ Sk^^ be a 
reduced subdecomposition oi w — Sk^ ■ ■ ■ s^x- For all I e {v, 1}, the wall Mg^.j, where 
(3ji = 7r • • -Jjiiakjj), is a load-bearing wall of 7. For each point x' of E(TZ), we can build 
a gallery gr^, G C'^ of target F^' (the face associated to x') using the u variables that 
correspond to the 's. 

Furthermore, if there exist some other load-bearing walls, then they are of multiplicity 
at least two. And we can add some new variables to the gallery gp , associated to these 
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walls without changing the target, following the conditions that define CJ. Hence, for such 
a face F^,/, Tr~^{Fx') — C2 x {qf^,}- This proves the proposition. 
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